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The Projection Postulate from Standard Quantum Mechanics relies fundamentally on measuring
devices. But measuring devices should emerge from the theory, rather than being part of its fun-
damental postulates. This article proposes an alternative formulation of the Standard Quantum
Mechanics, in which the Projection Postulate is replaced by a version that does not require mea-
suring devices or observers. More precisely, the Wigner functions representing the quantum states
on the phase space are required to be tightly constrained to regions of the classical coarse-graining
of the phase space. This ensures that states are quasi-classical at the macro level. Within a coarse-
graining region, the time evolution of the Wigner functions representing the quantum system is
required to obey the Liouville-von Neumann equation, which is the phase-space equivalent of the
Schro¨dinger equation. The projection is postulated to happen when the system transitions from a
coarse-graining region to another, according to the Born rule, but without reference to a measuring
apparatus or observer. The connection with the standard formulation of Quantum Mechanics is
explained, as well as the problems that the new formulation solves, in particular the Wigner’s friend
type of paradoxes. Open problems of the proposed formulation are discussed.
I like to think the moon is there even if I am
not looking at it.
Albert Einstein
I. INTRODUCTION
Standard Quantum Mechanics (QM) in its various for-
mulations relies essentially on the existence of quantum
measuring devices as quasi-classical systems. The central
role of the measuring device is manifest in the Projection
Postulate, which states that the observed quantum sys-
tem is found to be in an eigenstate of the operator associ-
ated to the observable we measure, and prescribes as well
as the probability for each outcome to occur, according
to the Born rule. The world is considered to be divided in
two parts, one is classical or quasi-classical, and includes
the apparatus, and the other one is the observed quantum
system. Bohr prescribed that the apparatus is a classi-
cal system. John von Neumann treated the apparatus
like a quantum system which behaves quasi-classically,
but gave a central role to the observer, and the split
between apparatus and the observed system persisted
[35]. This split remains true for modern approaches to
quantum measurement [6]. Moreover, since the Standard
QM leads to macro superpositions like Schro¨dinger cats,
something is needed to project large systems to make
them appear classical. In the Copenhagen Interpreta-
tion, this is achieved by the observer, whose sensory or-
gans or maybe consciousness acts like measuring devices.
It seems that the measurement process and the observer
play a fundamental role in the theory. This leads to some
foundational problems. One is the following:
Problem 1. Can Quantum Mechanics be formulated
without relying on measuring devices and/or observers?
Even if a formulation which solves Problem 1 can be
found, it still needs to be able to describe quantum mea-
surements, to be able to connect the theory with the
experiments. But since a measuring apparatus is a quasi-
classical system, another problem appears:
Problem 2. What criterion should a quantum system
satisfy to be considered classical?
Another problem is that the space of quantum states
is vastly large, and most of the states it includes can
be rather seen as superpositions of quasi-classical sys-
tems. In particular, the Schro¨dinger equation predicts
that, even if we start with a quasi-classical measuring
device, during the measurement it evolves into a super-
position. Hence, there is a closely related problem:
Problem 3. Why does the world appear to be classical
at the macro level?
Since the postulates of Standard QM in the usual for-
mulations do not address Problems 2 and 3, relying on
measuring devices in the Projection Postulate is in some
sense circular: on the one hand, the Projection Postulate
makes the world appear classical, on the other hand, the
Projection Postulate requires a quasi-classical measuring
device.
The presence of the Projection Postulate in Standard
QM, without specifying exactly the conditions that make
the projection happen, is another problem:
Problem 4. Under what conditions does the projection
occur?
Closely related, and due to the fact that Standard QM
does not specify when exactly between the preparation
and the measurement the projection takes place, is the
following problem:
Problem 5. Can the quantum state be well defined at
all times?
2These problems are often considered to be of interest
just to the philosophy of physics, in particular to ontol-
ogy, and addressing them is usually done by the so-called
“interpretations” of QM, still considered by many work-
ing physicists not serious science.
But it is preferable for a theory in physics to be able
to describe precisely both its states and its dynamics.
In this article, I propose a formulation of Standard QM
which addresses the above mentioned problems. This for-
mulation is still based on the Schro¨dinger dynamics and a
projection postulate, like Standard QM, but without in-
voking observers or measuring devices, and at the same
time having a clear prescription of what is classical and
what is the state of the system at any given time.
Possible answers to at least some of these problems are
already proposed by various interpretations of QM, and
are extensively developed and researched. For example,
in the objective collapse theories quantum states collapse
into well localized, hence quasi-classical, states [15, 16].
This is accomplished by modifying the dynamics of QM
with randomly occurring collapses. We do not know yet
if a modification of the dynamics is needed. It is believed
that decoherence can solve these problems without mod-
ifying the dynamics [22, 30, 40, 41]. But since at best
decoherence can explain the emergence of the classical
world by branching, even if this solution will turn out
to work, it requires to be accompanied by an interpre-
tation where branching occurs, like Everett’s [12, 13], or
Consistent Histories [17, 27]. Even de Broglie-Bohm’s
theory [4, 5] needs to make use of decoherence of the
universal pilot wave, and in fact Bohm described deco-
herence before it was discovered. Despite the extended
work done and the progress made with the decoherence
program, it is not clear yet that decoherence alone can
fully solve these problems [1, 24, 29]. It is considered
that a decoherence-based solution of Problems 2 and 3
requires a preferred basis to emerge, which then can be
applied to solve Problem 1 and the other problems.
The formulation proposed here does not necessarily
compete with the various interpretations of QM, but it
rather redefines Standard QM, so that the mentioned
problems are addressed in a very straightforward man-
ner. Problem 3 is only provisionally solved, by imposing
the criterion of classicality proposed to address Problem 2
as a fundamental principle, rather than deducing it from
other principles. An approach addressing these problems
may seem at first sight a completely different theory from
Standard QM. But I claim that the difference is not that
large, the formulation proposed here being rather a mi-
nor strengthening and refinement of Standard QM. In
fact, the main difference consists in using the criterion
of classicality (from the proposed solution of Problem 2)
to replace the Projection Postulate with a version which
does not require observers or measuring devices, and ap-
plies to the total wavefunction.
Along with the Heisenberg and Schro¨dinger pictures,
shown by Schro¨dinger to be equivalent [31], it is possible
to formulate Quantum Mechanics on the phase space [18,
26, 36, 37]. This extends to the Projection Postulate [3].
There are also original alternative formulations like [11]
and [9].
I now summarize how I use the phase-space represen-
tation of QM in the formulation proposed in this article.
The Postulates are proposed and discussed in Sec. §II.
We start with a brief review of the classical phase space
(in §II A) and quantization (in §II B), to fix the nota-
tions. Then, in §II C and §II D, we discuss the first three
postulates, which are also present in the Standard QM,
but will be expressed in terms of the phase space:
Postulate 1 (Quantum state). The state of a quantum
system is represented by a time dependent Wigner func-
tion on the classical phase space.
Postulate 2 (Composite system). For composite sys-
tems, the phase space is the direct sum of the phase spaces
associated with the component systems.
Postulate 3 (Observable). An observable of the total
system is represented by a real-valued function on the
classical phase space (its Weyl symbol).
The next postulate, discussed in §II E, establishes
that in the quantum world, the macro states are quasi-
classical, in a way that relies on the classical macro level:
Postulate 4 (Macro level). For any time, there is a
coarse-graining region of the classical phase space within
which the quantum state of the total system is quasi-
restricted.
We will clarify exactly what “quasi-restricted” means
and why it is used, rather than “strict restriction”.
The dynamics within a coarse-graining region is just
the Schro¨dinger dynamics, translated to the phase space
(§II F):
Postulate 5 (Dynamics). The evolution of the quantum
state of the total system within the same coarse-graining
region is given by the Liouville-von Neumann equation.
Finally in §IIG, the Projection Postulate is replaced
with a version that does not rely on measuring devices
or observers:
Postulate 6 (Transition). When the Wigner function of
the total system propagates from one coarse-graining re-
gion to others, it transitions to only one of these regions,
with a probability proportional to the squared amplitude
corresponding to that region.
The phase-space formulation proposed here is trans-
lated into the more popular Hilbert space formulation in
§II H. In Sec. §III it is shown that the standard Projec-
tion Postulate can be recovered from this formulation. A
somewhat more detailed discussion of the interplay be-
tween dynamics and projections is given in Sec. §IV. A
discussion of the proposed formulation of Standard QM,
as well as of possible shortcomings and remaining open
problems, takes place in Sec. §V.
3II. POSTULATES
A. Classical phase space
We review the phase space of a classical system of m
particles in the 3D-space R3. The classical configuration
space is the n-dimensional space Rn, where n = 3m.
The configuration of a system is characterized by the
positions x ∈ Rn. The evolution depends not only of the
configuration x ∈ Rn, but also of the velocities vj = x˙j =
dxj
d t
, or the momenta pj = mjvj , so the classical state is
fully specified by a point in the phase space R2n = R6m.
The state (or phase) of a system is characterized by both
positions and momenta z = (x,p) ∈ R2n.
The phase space R2n is naturally endowed with a sym-
plectic structure
J =
(
On In
−In On
)
, (1)
which satisfies J2 = −I. It defines the symplectic product
between z = (x,p) and z′ = (x′,p′),
σ(z, z′) = zT Jz′ = x · p′ − p · x′. (2)
A classical observable is a real function on the phase
space, A : R2n → R. One defines the Poisson bracket
between two classical observables A,B by
{A,B}(x,p) := (∂xA∂pB − ∂xB∂pA)(x,p). (3)
The dynamics is given by Hamilton’s equations,{
x˙(t) = ∂pH(x,p, t)
p˙(t) = −∂xH(x,p, t),
(4)
where the Hamilton function is a scalar function defined
on R2n × R.
B. Quantization
Quantization associates to each classical observable a
Hermitian operator acting on the Hilbert space H =
L2(Rn,C) consisting of the square-integrable complex
functions on the configuration space C = Rn. The
Hilbert space H is endowed with the Hermitian scalar
product
〈ψ|φ〉 :=
∫
Rn
ψ(x)φ(x) dx. (5)
To the constant observable A(z) = 1, quantization as-
sociates the identity operator Î, to the position xj and
to the momentum component pj it associates the oper-
ators x̂j |ψ〉 = xj |ψ〉 and p̂j |ψ〉 = −i~∂j |ψ〉. Since the
classical observables xj and pj commute, and their cor-
responding quantum operators do not commute, we also
need to specify a rule to choose a particular ordering of
the products of such observables. In the following we
will assume the Weyl quantization rule, which uses the
symmetrized product and is the most common,
(xj)
r(pj)
s 7→ ((x̂j)
r(p̂j)
s)sym . (6)
The quantum states are represented by rays in H, but
in case they are mixed or the information is incomplete,
they can be represented more generally as density op-
erators, which are self-adjoint operators ρ on H, whose
diagonal elements are non-negative and add up to 1 in
any orthonormal basis.
C. Quantum states
Let ρ̂ be a density operator on H, representing the
state of the quantum system. If the system is in a pure
state, then ρ̂ = |ψ〉 〈ψ|, where |ψ〉 ∈ H is the unit vector
representing the state of the system.
The Wigner phase-space function of ρ̂, which will be
called in the following the Wigner function, is defined as
Wρ(x,p) :=
1
(2π~)
n
∫
Rn
e−
i
~
x
′·p
〈
x+
x′
2
∣∣∣∣ ρ̂ ∣∣∣∣x− x′2
〉
dx′.
(7)
The density operator can be obtained from its Wigner
function by
ρ̂ =
∫∫∫ ∣∣∣∣x+ x′2
〉
e
i
~
x
′·pWρ(x,p)
〈
x−
x′
2
∣∣∣∣dxdp dx′.
(8)
In particular, for a pure state ρ̂ = |ψ〉 〈ψ|,
Wψ(x,p) =
1
(2π~)
n
∫
Rn
e−
i
~
x
′·p
ψ
(
x+
x′
2
)
ψ∗
(
x−
x′
2
)
dx′.
(9)
The Wigner function is real-valued, but can take neg-
ative values, and for this reason it cannot be a probabil-
ity distribution, but it can be a quasiprobability distri-
bution, from which the correct probability distributions
in the position and momentum bases can be recovered
as marginal distributions. It is non-negative everywhere
only for Gaussian states.
The recovery property holds: if ψ(0) 6= 0, the state |ψ〉
can be recovered from the Wigner function,
ψ(x)ψ∗(0) =
∫
Rn
Wψ
(x
2
,p
)
e
i
~
x·p dp. (10)
We introduce the following postulates:
Postulate 1 (Quantum state). The state of a quantum
system is represented by a time dependent Wigner func-
tion on the classical phase space.
Postulate 2 (Composite system). For composite sys-
tems, the phase space is the direct sum of the phase spaces
associated with the component systems.
4D. Observables
Let S(Rn) be the space of smooth complex functions
f so that, for any multiindices α, β, xα∂β
x
f is bounded
in Rn. Under the Weyl quantization rule (6), to any
complex function A ∈ S(R2n) we associate the operator
Â defined by
〈x| Â |x′〉 =
1
(2π~)
n
∫
Rn
e
i
~
(x−x′)·pA
(
x+ x′
2
,p
)
dp.
(11)
The operator Â acts on a quantum state |ψ〉 by
Âψ(x) =
∫
Rn
〈x| Â |x′〉ψ(x′) dx′
=
1
(2π~)
n
∫∫
R2n
e
i
~
(x−x′)·p
A
(
x+ x′
2
,p
)
ψ(x′) dx′ dp.
(12)
The Weyl symbol A(x,p) can be obtained from Â:
A(x,p) =
∫
Rn
e−
i
~
x
′·p
〈
x+
x′
2
∣∣∣∣ Â ∣∣∣∣x− x′2
〉
dx′. (13)
The Weyl correspondence A↔ Â is a linear bijection.
We call A the Weyl symbol of the operator Â. Since
Â† = Â∗, A is real iff Â is Hermitian.
We introduce the following postulate:
Postulate 3 (Observable). An observable of the total
system is represented by a real-valued function on the
classical phase space (its Weyl symbol).
The Weyl symbol of a density operator ρ̂ is
(2π~)
n
Wρ(x,p). Hence, the Weyl symbol π|ψ〉 of the
projector π̂|ψ〉 := |ψ〉 〈ψ| is
π|ψ〉(x,p) = (2π~)
n
Wψ(x,p). (14)
The mean value of Â is given by
〈Â〉|ψ〉 =
∫
R2n
A(z)Wψ(z) d z. (15)
In particular, by applying (15) to π̂|ψ′〉 = |ψ
′〉 〈ψ′|,
|〈ψ|ψ′〉|
2
= (2π~)
n
∫
R2n
Wψ(z)Wψ′ (z) d z. (16)
The Moyal product of two observables A,B ∈ S
(
R
2n
)
is the Weyl symbol of the product ÂB̂, and it is given by
(A ⋆ B)(z) = (π~)
−2n
∫∫
R4n
e−
i
2~
σ(z′,z′′)
A (z+ z′)B (z+ z′′) d z′ d z′′.
(17)
The local (on the phase space) form of the Moyal product
operator is
⋆ = e
i~
2
σ(
←−
∂ z,
−→
∂ z). (18)
E. The quasi-classicality of the macro world
In order to define what is understood for a quantum
state to be quasi-classical, we will rely on the idea that
the macro world, even if we know it to be quantum, looks
like the classical macro world. To formalize this idea,
we will use the quasi-projection operators proposed by
Omne`s [28]. We will also take into account the insights of
de Gosson regarding the phase space and quantum blobs
[8], based on the principle of symplectic camel discovered
by Gromov [19].
To define the classical macro level, we assume that
the classical theory to which we applied the quantization
procedure has a definite set of observablesM, which will
be called macro observables. They are in general aggre-
gate functions of other observables: averages, integrals or
sums, volumes, densities etc, and are important for exam-
ple in Statistical Mechanics. The macro observables par-
tition the phase space into coarse-graining regions where
the macro observables take constant (or indistinguish-
able) values. Each of these regions of the phase space con-
tains (micro) states that cannot be distinguished macro-
scopically. Even for a classical theory there are ambigui-
ties in defining exactly the coarse-graining, but given the
success of Statistical Mechanics, in particular in reduc-
ing thermodynamics to mechanics, we will assume that
both the macro observables and the coarse-graining can
be defined unambiguously at least in principle.
To be able to transfer the classical coarse graining of
the phase space to the quantized theory, we will require
the coarse-graining regions to be unions of quantum blobs.
This is necessary because
1. a quantum blob is the smallest symplectic invari-
ant region of the phase space compatible with the
uncertainty principle, and
2. we want to exclude regions containing only func-
tions that are not Wigner functions of quantum
states, being too localized or having negative quasi-
probability.
Quantum blobs, introduced by de Gosson [8], define
the most fine-grained partition of the phase space consis-
tent with Quantum Mechanics. They are in a one-to-one
correspondence with the squeezed coherent states from
Standard QM. Quantum blobs were also used in the for-
mulations or interpretations of quantum mechanics, e.g.
in [9] and [11].
Let R be the partition (coarse-graining) of the phase
space R2n, satisfying R ⊂ R2n, R2n = ∪R∈RR, and R ∩
R′ = ∅ if R 6= R′. For each region R we define the
characteristic function χR : R
2n → R,
χR(z) =
{
1, if z ∈ R
0, otherwise.
(19)
But if we try to contain the wavefunction in a small
region of space, the Schro¨dinger dynamics will spread it
5outside that region very fast. For this reason, we will
require that the Wigner function is highly peaked inside
a coarse-graining region R, rather than to have its sup-
port completely contained in R. Hence, instead of the
characteristic function of R, χR(z), we will use its con-
volution product with some highly peaked function ϕ(z)
centered at (0,0) in the phase space. Due to the relation
with quantum blobs, the natural choice is ϕ(z) = 〈z|0,0〉,
where |0,0〉 is the coherent state located at (0,0), which
is a Gaussian. We will use the following convolution:
ΠR = χR ∗ ϕ. (20)
Since the characteristic functions χR for all regions in R
add up to the constant function identically equal to 1 on
the phase space, the functions ΠR from eq. (20) form a
partition of unity, and the corresponding operators Π̂R
form, because of linearity, a resolution of the identity
operator Î.
In [28], Omne`s introduced the operators Π̂R corre-
sponding to the Weyl symbols ΠR, and proved that they
form a set of quasi-projectors. An equivalent definition
he proposed is
Π̂R :=
1
(2π~)n
∫
R
|x,p〉 〈x,p| dxdp, (21)
where |x,p〉 is the coherent state centered in the phase
space at (x,p), i.e. a normalized Gaussian state whose
average is the point (x,p) ∈ R2n.
No two distinct coherent states are orthogonal, so they
cannot form a basis of the Hilbert spaceH, but they form
an overcomplete system, by providing a resolution of the
identity operator,
Î =
1
(2π~)n
∫
R2n
|x,p〉 〈x,p| dxdp =
∑
R∈R
Π̂R. (22)
Despite the fact that two distinct coherent states al-
ways overlap, the operators (21) are quasi-projectors,
i.e. they behave as projectors in a very good approxi-
mation, due to the fact that the coarse-graining regions
R are large enough [28]. In particular, they are almost
idempotent Π̂2R ≈ Π̂R, and the product of two of them
corresponding to distinct coarse-graining regions almost
vanishes exponentially. The approximations are of the
order of ~
1
2 . Moreover, the quantum time evolution
e−
i
~
ĤtΠ̂Re
i
~
Ĥt of a quasi-projector Π̂R also approximates
well the quasi-projector corresponding to the classical
evolution of the region R, due to a result by Hagedorn
[20] (see [28]).
Omne`s also shown that there exists a complete sets
of actual projectors (i.e. idempotent, orthogonal, and
adding-up to the identity operator Î)
Π̂⊥R ≈ Π̂R (23)
that are close to the Π̂R within a similar approximation.
Definition II.1. We call the operators Π̂R from eq. (23)
classicality quasi-projectors, and the operators Π̂⊥R from
eq. (23) classicality projectors. We say that a Wigner
function Wψ is quasi-restricted to R if Π̂R |ψ〉 ≈ |ψ〉
(which is to say that Π̂⊥R |ψ〉 ≈ |ψ〉).
It is therefore justified to take as a criterion of quasi-
classicality
Criterion 1. A quantum state |ψ〉 is quasi-classical if
there is a coarse-graining region R ∈ R so that the
Wigner function Wψ is quasi-restricted to R.
The postulate of quasi-classicality is therefore
Postulate 4 (Macro level). For any time, there is a
coarse-graining region of the classical phase space within
which the quantum state of the total system is quasi-
restricted.
F. Dynamical law
The Schro¨dinger equation is
i~
d
d t
|ψ(t)〉 = Ĥ |ψ(t)〉 , (24)
where Ĥ is the Hamiltonian operator. Since our system
is the entire universe, we take Ĥ to be time indepen-
dent. The time evolution of a Wigner function Wψ, cor-
responding to the Schro¨dinger evolution (24), is given by
the Liouville-von Neumann equation
∂Wψ(z, t)
∂t
= −{{Wψ(z, t), H(z)}}, (25)
where
{{A,B}} :=
1
i~
(A ⋆ B −B ⋆ A) (26)
is the (Groenewold-)Moyal bracket, and H(z) is the Weyl
symbol of the Hamiltonian operator Ĥ.
Postulate 4 introduced classicality directly, rather than
attempting to derive it. Whatever experiment the ob-
server performs, the outcome can be observed only when
it produces a macroscopic difference, i.e. when the sys-
tem moves from a coarse-graining region of the phase
space to another one. As long as there is no macroscopi-
cally observable difference, there should be no observable
projection. This justifies the postulate that, as long as
the Wigner function of the state |ψ〉 remains in the same
coarse-graining region on the phase space, its dynamics
is given by the Liouville-von Neumann equation, no pro-
jection being invoked. We formulate this postulate on
the phase space:
Postulate 5 (Dynamics). The evolution of the quantum
state of the total system within the same coarse-graining
region is given by the Liouville-von Neumann equation.
6G. Quantum transitions
Suppose that at some time t0 the Wigner function
Wψ(x,p, t0) is quasi-restricted to the coarse-graining re-
gion R0 ∈ R, and at a future but not very distant time
t1 > t0 equation (25) its evolution according to Postu-
late 5 will spread it over the regions R1, . . . , Rk ∈ R. On
the Hilbert space, this corresponds to the unitary evolu-
tion of |ψ0〉 until, at t1, it becomes |ψ1〉 = Û (t1, t0) |ψ0〉,
which is a linear combination of states quasi-restricted to
the regions R1, . . . , Rk ∈ R. In other words,
|ψ1〉 =
k∑
j=1
cjΠ̂Rj |ψ1〉 ≈
k∑
j=1
cjΠ̂
⊥
Rj
|ψ1〉 , (27)
where
cj =
〈ψ1| Π̂Rj |ψ1〉
〈ψ1|ψ1〉
. (28)
As Postulate 4 specifies, at t1 the Wigner function de-
scribing the system will be in only one of the regions
R1, . . . , Rk ∈ R, say Rj , j ∈ {1, . . . , k}. We now intro-
duce the Born rule, stating that the probability for the
system to end out in the region Rj is |cj |
2
.
Postulate 6 (Transition). When the Wigner function of
the total system propagates from one coarse-graining re-
gion to others, it transitions to only one of these regions,
with a probability proportional to the squared amplitude
corresponding to that region.
In Sec. §III we will show that the standard Projection
Postulate is a consequence of the postulates proposed
here.
Due to the blurry boundaries of the quasi-projectors
(21) and their eigenstates, the separation between dy-
namics (Postulate 5) and transitions (Postulate 6) is not
completely strict. There is an interplay between the two,
which will be discussed in Sec. §IV. We will see that
the same holds in the standard QM, even though appar-
ently its usual formulations strictly separate dynamics
and projections.
H. Hilbert space formulation
The postulates of the phase-space formulation of QM
presented here can be expressed in terms of the more pop-
ular Hilbert space formulation. In fact, the first three
postulates were obtained using the Wigner-Weyl corre-
spondence directly from well known postulates of the
Hilbert space formulation of QM:
HS Postulate 1 (Quantum state). The state of a quan-
tum system is represented by a ray in a Hilbert space H.
HS Postulate 2 (Composite system). For composite
systems, the Hilbert space is the tensor product of the
Hilbert spaces associated with the component systems.
HS Postulate 3 (Observable). An observable of the to-
tal system is represented by a Hermitian operator on its
Hilbert space H.
The remaining postulates rely on the classicality pro-
jectors Π̂⊥R (similar formulation can be made in terms of
the quasi-classicality projectors Π̂R):
HS Postulate 4 (Macro level). There is a complete set
of classicality projectors {Π̂⊥R|R ∈ R}, and for any time,
there is such an operator Π̂⊥R, such that the quantum state
of the total system is approximately an eigenstate corre-
sponding to the eigenvalue λ = 1 of Π̂⊥R.
The dynamics is again directly given by the Wigner-
Weyl correspondence between the two formulation:
HS Postulate 5 (Dynamics). The evolution of the quan-
tum state of the total system is given by the Schro¨dinger
equation, as long as it remains approximately an eigen-
state for the eigenvalue λ = 1 of the same classicality
projector.
HS Postulate 6 (Transition). When the quantum state
|ψ〉 of the total system evolves to no longer be an approx-
imate eigenstate of a classicality projector Π̂⊥R, becoming
a superposition of eigenstates of more classicality pro-
jectors |ψ〉 =
∑k
j=1 cjΠ̂
⊥
Rj
|ψ1〉, it transitions into a state
Π̂⊥Rj |ψ1〉 corresponding to only one of the classicality pro-
jectors, with a probability equal to |cj |
2
.
III. RECOVERING THE STANDARD
PROJECTION POSTULATE
A fundamental role in the usual formulations of Stan-
dard QM is played by the Projection Postulate. Let S be
the observed quantum system, andM the measuring ap-
paratus, having as Hilbert spaces HS and HM. Let Â be
a Hermitian operator on HS , representing the observable
measured by the measuring device HM. We assume for
simplicity that the spectrum of Â is non-degenerate, and
N = dimHS . The measuring apparatus M is assumed,
by definition, to be such that it has among its possible
states the following:
1. A quasi-classical state |ready〉M, corresponding to
the system M being prepared to observe.
2. A number of N quasi-classical states
|outcome = λj〉M, corresponding to the mea-
suring apparatus M indicating that the outcome
of the measurement is λj , for j ∈ {1, . . . , N}.
All these states are assumed to be mutually orthogonal.
The measuring device is also constructed so that, if
the observed system is already in an eigenstate |j〉 of Â
before the measurement, the composed system evolves
under the Schro¨dinger dynamics like this:
|ready〉M ⊗ |j〉 7→ |outcome = λj〉M ⊗ |j〉 , (29)
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Then, Schro¨dinger’s equation predicts that if the ob-
served system is in the initial state
|ψ〉 =
N∑
j=1
cj |j〉 , (30)
then the composed system evolves into
|ready〉M ⊗ |ψ〉 7→
N∑
j=1
cj |outcome = λj〉M ⊗ |j〉 . (31)
With these settings, the Projection Postulate consists
of the following two parts:
The Projection Postulate Part 1. The result of the
measurement is one of the eigenvalues λj of Â, and the
state of the total system is, after the measurement, pro-
jected to |outcome = λj〉M ⊗ |j〉.
The Projection Postulate Part 2 (The Born rule).
The probability to obtain the outcome λj is |cj |
2
.
Since the Projection Postulate is among the fundamen-
tal postulates of Standard QM, this makes the theory rely
on the existence of a quasi-classical system – the measur-
ing apparatus, or on the existence of an observer. Some
of the founders of QM even thought that the measuring
device is projected into a quasi-classical state by the very
observer conducting the measurement. This made re-
searchers like Heisenberg [21], von Neumann [35], Wigner
[38], Stapp [32, 33], and others [2] think that conscious-
ness plays a fundamental role in QM.
By contrast, the formulation proposed in this article
does not need to appeal to an observer or even to a mea-
suring device in its fundamental postulates. Now we need
to show that indeed the theory obtained from these pos-
tulates is the same as Standard QM. In §II H we have
seen that most of the postulates of Standard QM are
equivalent to postulates from the formulation presented
here. It remains to show that we can derive the Projec-
tion Postulate Part 1 & Part 2.
To show this, let us go back to the system composed of
the observed system S and the measuring apparatus M.
Their phase spaces are PS and respectively PM. The
total system has the Hilbert space HM ⊗ HS , and the
corresponding classical phase space is PM ⊕ PS .
A central remark is that the observed system S is not
directly observed: whatever we learn about its state by
measurement, comes in the form of a change of the macro
state of the measuring device M. Not only the measur-
ing device, but the total system is in a quasi-classical
state before the measurement, and it ends out in a quasi-
classical states after the measurement, due to the Postu-
late 4. Whatever can be said about the observed system
is inferred from the classical states of the total system
before and after the measurement. On the total phase
space PM⊕PS , the following coarse-graining regions as-
sociated to the systems M and S are relevant:
1. A coarse-graining region Rready, corresponding to
the system S being prepared to be measured, and
the system M being prepared to measure it.
2. A number of N coarse-graining regions
Routcome=λj , corresponding to the system S
being in the eigenstate |j〉, and the measuring
apparatus M indicating that the outcome of the
measurement is λj , for j ∈ {1, . . . , N}.
In addition, we know that the measuring device is,
by construction, such that the only way the composed
system can evolve by Schro¨dinger dynamics is in a su-
perposition of the form from eq. (31). In our phase-
space formulation, this translates into the fact that the
Wigner function of the total system evolved from the
coarse-graining region Rready to the union of the coarse-
graining regions Routcome=λj . By Postulate 6, the total
system has to transition to only one of the coarse-graining
regions Routcome=λj , with the probability |cj |
2
, with cj
from eq. (31). Hence, the standard Projection Postulate
follows as a consequence of the postulates proposed here.
IV. THE INTERPLAY BETWEEN DYNAMICS
AND TRANSITIONS
In this section I will explain the interplay between dy-
namics and transitions, which is a bit more complex than
the standard narrative of unitary evolution interrupted
once in a while by projections.
But first, let us apply the discussions in Sec. §IIG
and §III to the situation when the observed system is
an excited atom, and that the measuring apparatus is
a detector which either detected the decay or not. So
there are two coarse-graining regions relevant here, say
Rexcited and Rdecayed. As the system is contained in re-
gion Rexcited, the measuring device registers no decay.
But as the time goes, the Wigner function spreads out of
region Rexcited, leaking into region Rdecayed. The quan-
tum Zeno effect [25] implies that the monitoring of the
excited atom while the system’s Wigner function only
spreads very little into region Rdecayed projects it back
to the excited state, preventing or delaying the decay
[23, 39]. By contrast, monitoring it after its Wigner func-
tion spread enough into region Rdecayed results in an en-
hancement of the decay rate [7]. This exemplifies the
interplay between dynamics and transitions, which will
be explained now.
The quasi-projectors Π̂R used to define quasi-
classicality project the Wigner state only approximately
to the coarse-graining regions. Due to the use of the con-
volutions ΠR = χR ∗ ϕ with the Gaussian function ϕ,
instead of the characteristic functions χR of the coarse-
graining regions, the projection is distorted around the
boundaries of the regions. This means that the sepa-
ration between dynamics (Postulate 5) and transitions
(Postulate 6) is not exact. The Wigner functions have
“tails”, of very low amplitudes, that go outside of the
8coarse-graining region R. This means that even for the
times when the Wigner function of the system is included
in a coarse-graining region R, projections by Π̂R happen,
albeit with a very small effect.
Here is a more detailed explanation. For each coarse-
graining region R, there is an internal region R◦ ⊂ R,
defined by R◦ = Π−1R (1), i.e. R
◦ is the set of all z ∈ R
for which ΠR(z) = 1. Due to the fact that R is much
larger than the width of the Gaussian function ϕ, the re-
gion R◦ is approximately the same as R. Inside R◦, the
Wigner function Wψ satisfies the Liouville-von Neumann
equation (25), independently on the fact that Wψ does
not vanish completely outside R◦. The reason is that
the Hamiltonian function H(x,p) in eq. (25) acts on the
Wigner function Wψ through the Moyal product (18),
which is local on the phase space. This means that the
dynamics is not affected by the quasi-projection Π̂R for
z ∈ R◦, and Postulate 5 holds exactly for these points.
But for z /∈ R◦, the dynamics is distorted by the projec-
tion.
The Wigner function may have a very small amplitude
outside the region R, because Postulate 4 and the clas-
sicality quasi-projector Π̂R allow this. Even when Wψ is
restricted to the region R, its tiny “tails” slightly spread
outside of R◦ and then outside of R, and activate Pos-
tulate 6 (our version of the Projection Postulate). But
since the amplitude of Wψ is very small outside of R, the
probability to project the state on another region R′ 6= R
is small, and the quantum Zeno effect implies that the
chosen quasi-projector Π̂R is significantly more often the
preferred one, and it projects the Wigner function Wψ
back into regionR. Note that even if the Wigner function
is quasi-constrained to the same region R for a certain
amount of time, the quantum Zeno effect does not imply
that it remains unchanged. The reason why the Wigner
function evolves even when it is quasi-restricted to R is
that the operator Π̂R has a very high degeneracy in the
eigenvalue λ = 1. So the quantum Zeno effect does not
apply for z ∈ R◦, and Postulate 5 indeed holds exactly
there.
This interplay between dynamics and transitions, when
the Zeno effect takes place, leads to the following trun-
cated Schro¨dinger equation, valid when the Wigner func-
tion is quasi-restricted to the coarse-graining region R:
i~
d
d t
|ψ(t)〉 = Π̂RĤ |ψ(t)〉 . (32)
The meaning of eq. (32) is that, if after an infinitesimal
time interval the Wigner functionWψ leaves very slightly
the region R, it is mostly projected back inside of R.
However, Wψ continues to evolve towards the bound-
ary of region R. As it accumulates at the boundary of
region R, where the function ΠR overlaps with the func-
tions ΠRj , j ∈ {1, . . . , k} from Sec. §IIG, it becomes
more probable that Postulate 6 allows Wψ to transition
to another coarse-graining region Rj .
This may seem different from the usual formulations of
Standard QM, where the common understanding is that
only when quantum measurements happen, the Projec-
tion Postulate applies [10, 35]. But in reality this alone
does not explain the fact that the macro level is quasi-
classical, in particular it does not justify the existence of
a quasi-classical measuring apparatus in the first place.
The Copenhagen Interpretation, the default companion
of the Standard QM, explains this by the presence of
the observer, whose sensory organs (or consciousness?)
act like measuring devices. The observer is the one who
makes the measuring device be quasi-classical, and the
one who, by monitoring the measuring device, maintains
it to be quasi-classical rather than to evolve into a super-
position. So even in Standard QM we have this interplay
between the dynamics and the projection. In our for-
mulation, this interplay is visible, and even for the case
when the system is expected to simply follow the evo-
lution equation, this happens strictly only inside region
R◦ ⊂ R, and for other parts of the phase space the evo-
lution involves a continuous projection, expressed in eq.
(32).
V. DISCUSSION
In this section I discuss what is achieved by the formu-
lation of Standard QM proposed here, and what are some
open problems, and possible criticism or objections.
Problem 1. Can Quantum Mechanics be formulated
without relying on measuring devices and/or observers?
The formulation of Standard QM proposed here does
not use the Projection Postulate 1 & 2 as fundamental,
replacing it with Postulate 6, which makes no reference
to measuring devices. Nevertheless, we have seen in Sec.
§III that it can be derived from them.
Problem 2. What criterion should a quantum system
satisfy to be considered classical?
We argued for Criterion 1 as the criterion of classical-
ity, based on [28]. While Omne`s applied it mainly to
define the projectors for the Consistent Histories Inter-
pretation, it applies much more generally.
Problem 3. Why does the world appear to be classical
at the macro level?
This question received here only a provisional answer:
“because Postulate 4 requires quantum states to satisfy
Criterion 1”. The task of this article was to remove the
measuring device and the observer from the formulation
of Standard QM. But a solution to Problem 3 was not
provided here. A fully satisfactory solution requires most
likely an extension of Standard QM, or a so-called “in-
terpretation”. As explained in Sec. §I, even if we appeal
to decoherence, it should be done in conjunction with an
interpretation where the branching of the wavefunction
is present, like Everett’s interpretation, Consistent His-
tories, or the de Broglie-Bohm interpretation. For one
of its problems, that of the preferred basis, one may find
that Criterion 1 is more appropriate.
9Problem 4. Under what conditions does the projection
occur?
In this formulation, the solution to Problem 4 is given
by Postulate 6. In fact, following the discussion in Sec.
§IV, we have seen that projection occurs to some extent
continuously, the coarse-graining region being chosen ac-
cording to the Born rule. This is related to Problem 3,
so hopefully a solution will address both of them prop-
erly. Again, the formulation presented here only offers a
provisional answer, and a full answer most likely requires
an extension of Standard QM.
Problem 5. Can the quantum state be well defined at
all times?
The answer to this question is yes. The Wigner func-
tion is, in the formulation proposed here, well defined at
all moments of times, provided that the coarse-grining
is well defined. While here we are not interested in the
problem of ontology, this makes possible to assign an on-
tology to the wavefunction or to the Wigner function.
The wavefunction is defined on the configuration space,
while the Wigner function on the phase space. But if by
“ontology” we mean something defined on the physical
3-dimensional space, it is possible to represent the wave-
function in terms of fields defined on the 3-dimensional
space, and in [34] was given such a representation, which
serves at least as a proof of concept. Therefore, since the
formulation of Standard QM allows quantum states to
be well defined at all times, it also allows an ontology on
the 3-dimensional physical space, as shown by the con-
struction made in [34].
There is a place on this formulation where addi-
tional verifications may be needed: the classicality quasi-
projectors, because they
1. involve the existence of tails, and
2. they are only approximately projectors, even if this
approximation is small [28].
The existence of tails mean that there is an “infinitesi-
mally” small but non-vanishing probability that the sys-
tem tunnels or fluctuates in a way that is unexpected in
Classical Mechanics. This can be addressed similarly to
the way the problem of tails is addressed in the GRW
interpretation [15], or we can specify that the Wigner
function is in a certain quasi-classical macro state when
it is highly peaked in the corresponding coarse-graining
region. But the fact that the classical macro level is ap-
proximate rather than exact was to be expected, given
that Quantum Mechanics is not the same as Classical
Mechanics, even if at the macro level it approximates it
very well. In fact, as explained in Sec. §IV, without
the slight overlapping of distinct functions ΠR and ΠR′
around the boundaries it would not be possible for the
quantum state to transition from one coarse-graining re-
gion to another.
Another point where things are not completely defined
is the classical coarse-graining, which was not precisely
defined here, but it was assumed that there is a well
defined coarse-graining. This is a problem for the formu-
lation proposed here to the extent that it is a problem
for Classical Statistical Mechanics.
A possible development of the formulation presented
here is to extend equation (32) to also include the tran-
sitions, by making it stochastic.
Even though the standard Projection Postulate was de-
rived from the Postulates presented here, one may object
that this new formulation is not merely a reformulation
of Standard QM, but an entirely different theory. It is
difficult to asses this, given the different interpretations
of Standard QM and of the Copenhagen Interpretation
itself.
However, I think the two formulations are pretty much
the same, maybe the one proposed here is slightly more
restrictive. For example, it simply does not allow macro
Schro¨dinger cats or Wigner friends [38], due to the Pos-
tulate 4. This prevents the potential problems attributed
to Standard QM recently by by Frauchiger and Ren-
ner [14], by appealing to thought experiments based on
Wigner’s friend.
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